We present three dynamic error feedback controllers for robust output regulation of regular linear systems. These controllers are (i) a minimal order robust controller for exponentially stable systems (ii) an observer-based robust controller and (iii) a new internal model based robust controller structure. In addition, we present two controllers that are by construction robust with respect to predefined classes of perturbations. The results are illustrated with an example where we study robust output tracking of a sinusoidal reference signal for a two-dimensional heat equation with boundary control and observation.
Introduction
The topic of this paper is the construction of controllers for robust output regulation of linear infinite-dimensional systems. The goal in this control problem is to design a control law for a linear systeṁ
x(t) = Ax(t) + Bu(t) + w(t),
x(0) = x 0 ∈ X (1a) y(t) = Cx(t) + Du(t)
in such a way that the output y(t) converges asymptotically to a given reference signal y ref (t) despite the external disturbance signal w(t). In addition, the controller must tolerate small perturbations and uncertainties in the parameters (A, B, C, D) of the plant (1) . The robust output regulation problem was first studied for finite-dimensional systems in the 1970's most notably by Francis and Wonham [6, 7] , and Davison [4] , and since then the theory of output regulation has been been actively developed for infinite-dimensional systems [21, 24, 2, 9, 22, 11] . The most recent developments in the field are related to the study of output regulation and robust output regulation for infinite-dimensional systems with unbounded input and output operators, and especially for regular linear systems [29, 30, 26] which are often encountered in the study of partial differential equations with boundary control and observation [3] . In particular, the characterization of the solvability of the output regulation problem using the so-called regulator equations was extended for systems with unbounded operators B and C in [17, 14] , and the internal model principle of robust output regulation was generalized for regular linear systems in [19] .
In this paper we continue the work begun in [19] . The main emphasis in the reference [19] was on studying the properties of robust controllers and on characterizing the solvability of the robust output regulation problem. In this paper we concentrate on designing actual controllers that achieve robust output regulation for the regular linear system (1) . As our main results we present three different robust controllers. Two of these controllers employ structures that are familiar from the control of systems with bounded operators B and C, and the third employs a completely new complementary controller structure.
The reference signal y ref (·) and the disturbance signal w(·) are assumed to be generated by an exosystemv
on a finite-dimensional space W = C r . Here S is a matrix with eigenvalues σ(S) = {iω 1 , . . . , iω q } ⊂ iR. The main objective in this paper is to achieve robust output regulation for the system (1) by choosing appropriate parameters (G 1 , G 2 , K) for the dynamic error feedback controllerż
where e(t) = y(t) − y ref (t) is the regulation error.
The main tool in constructing robust controllers is the internal model principle, which provides a complete characterization of the controllers that achieve robust output regulation for the system (1) and for the reference and disturbance signals generated by the exosystem (2) . In particular, this fundamental result tells us that the control problem can be solved by including a suitable internal model of the dynamics of the exosystem into the controller (3) , and by choosing the rest of the parameters of the controller in such a way that the closed-loop system consisting of the plant and the controller is stable. The classical definition of the internal model (also referred to as the p-copy internal model) requires that if p is the dimension of the output space Y and if S has a Jordan block of dimension n k associated to an eigenvalue iω k , then the operator G 1 must have at least p independent Jordan chains of length greater or equal to n k associated to the same eigenvalue iω k [6, 16] . In this paper we also use an alternative definition for an internal model, called the G-conditions, which is applicable even if Y is infinite-dimensional [10, 19] .
The first controller in this paper presented in Section 4 is constructed by choosing G 1 as the internal model of the exosystem (2) and by stabilizing the closed-loop system with suitable choices of G 2 and K. It is well-known that if the plant (1) is exponentially stable and S is diagonal, then this very simple structure is extremely effective. Indeed, this controller structure has been successfully used on several occasions for infinite-dimensional systems with bounded and unbounded input and output operators [27, 8, 13, 9, 22] . The most important advantages of this controller structure is that due to the internal model principle, this controller is of minimal possible order, and if dim Y < ∞ then the resulting controller is finite-dimensional. In [23] this type of structure was used for regular linear systems on Hilbert spaces and with U = Y . In this paper we present a minimal order controller that solves the robust output regulation for a regular linear system (1) on a Banach space X, without restrictions on the input and output spaces, and with the most general choices for the stabilizing operators G 2 and K.
In Section 4 we in addition present a separate version of the minimal order controller for a situation where robustness is only required with respect to a predefined class O 0 of perturbations. The design is motivated by the recent observation [18, 15] that in such a situation the robust output regulation problem may be solvable with a controller incorporating a reduced order internal model that is strictly smaller than the full p-copy internal model. In particular, in [15] such a controller was successfully designed for a given class O 0 of perturbations. In this paper we present a new controller that solves the robust output regulation problem for a stable regular linear system and for a given class O 0 . This new controller has the advantage over the one presented in [15] in that the controller is of minimal order, and it is finite-dimensional whenever dim Y < ∞. This controller is new even for finite-dimensional linear systems and for infinite-dimensional systems with bounded operators B and C.
The second robust controller of this paper presented in Section 5 employs a novel structure that was introduced in [15] for construction of controllers with reduced order internal models. In particular, the system operator G 1 of the controller has a triangular structure that is naturally complementary to the structure of observer-based robust controllers [4, 10] . The main advantages of this new controller are that it has the natural structure for the inclusion of the p-copy internal model into the dynamics of the controller, and that it can robustly regulate plants that have a larger number of inputs than outputs. The construction of this second controller is a new result even for finite-dimensional linear systems and for infinite-dimensional systems with bounded operators B and C. In Section 5 we also use the same structure to generalize the original reduced order internal model based controller in [15] for regular linear systems.
Finally, the third robust controller presented in Section 6 is an observer-based controller that employs the triangular structure that was successfully used for robust output regulation of systems with bounded B and C together with infinite-dimensional diagonal exosystems in [10] . In this paper we generalize the observer-based construction in [10] to regular linear systems with nondiagonal exosystems.
As the first main result in this paper we present the internal model principle. This result was first generalized for regular linear systems in [19] in the more general setting of infinite-dimensional exosystems and strong stability of the closed-loop system. In this paper we introduce it for regular linear systems with finite-dimensional exosystems and exponential closed-loop stability. We demonstrate that the exponential closed-loop stability allows simplifying general assumptions of the theorem, and show that the regulation error has an exponential rate of decay.
We illustrate the construction of controllers by considering the robust output regulation problem for a two-dimensional heat equation with boundary control and observation. We begin by stabilizing the system with negative output feedback, and we subsequently construct a minimal order controller that achieves robust tracking of a sinusoidal reference signal.
The paper is organized as follows. The standing assumptions on the plant, the exosystem and the controller are stated in Section 2. In Section 3 we formulate the robust output regulation problem and present the internal model principle. The minimal order controller for stable systems is presented in Section 4. In Sections 5 we introduce the new controller structure for robust output regulation. Finally, the observer-based robust controller is constructed in 6. The robust output tracking of the two-dimensional heat equation is considered in 7.
The Plant, The Exosystem and The Controller
If X and Z are Banach spaces and A : X → Z is a linear operator, we denote by D(A), N (A) and R(A) the domain, kernel and range of A, respectively. The space of bounded linear operators from X to Z is denoted by L(X, Z). If A : X → X, then σ(A), σ p (A) and ρ(A) denote the spectrum, the point spectrum and the resolvent set of A, respectively. For λ ∈ ρ(A) the resolvent operator is given by R(λ, A) = (λ − A) −1 . The inner product on a Hilbert space is denoted by ·, · . For an operator A :
We consider a linear system (1) on a Banach space X with state x(t) ∈ X, output y(t) ∈ Y , and input u(t) ∈ U. The spaces U and Y are Hilbert spaces. The operator A : D(A) ⊂ X → X generates a strongly continuous semigroup T (t) on X. For a fixed λ 0 ∈ ρ(A) we define the scale spaces X 1 = (D(A), (λ 0 − A)· ) and X −1 = (X, R(λ 0 , A)· ) (the completion of X with respect to the norm R(λ 0 , A)· ) [5, Sec. II.5]. The extension of A to X −1 is denoted by A −1 :
Throughout the paper we assume that (1) is a regular linear system [29, 30, 26, 25] . In particular, B ∈ L(U, X −1 ) and C ∈ L(X 1 , Y ) are admissible with respect to A and D ∈ L(U, Y ). The operator C in (1b) is replaced with its Λ-extension
with D(C Λ ) consisting of those x ∈ X for which the limit exists. If C ∈ L(X, Y ), then C Λ = C. For a regular linear system we have R(R(λ, A)B) ⊂ D(C Λ ) for all λ ∈ ρ(A), and the transfer function of (1) is [26, Sec. 4 ]
, which is independent of the choice of λ 0 ∈ ρ(A).
The stabilizability of (A, B) means that there exists K ∈ L(X 1 , U) such that (A, B, K Λ ) is a regular linear system for which I is an admissible feedback operator, and (A+BK Λ )| X generates an exponentially stable semigroup [28] .
The exosystem (2) is a linear system on the finite-dimensional space W = C r for some r ∈ N, and S ∈ L(W ) = C r×r , E ∈ L(W, X), and F ∈ L(W, Y ). We assume the geometric multiplicity of each of the eigenvalues σ(S) = {iω k } q k=1 ⊂ iR is equal to one. We denote by n k ∈ N the size of the Jordan block associated to iω k ∈ σ(S). The following standing assumption is crucial for the solvability of the robust output regulation problem. An immediate consequence of this assumption is that in order to achieve robust output regulation it is necessary that dim U ≥ dim Y .
Assumption 2.2. For every
The dynamic error feedback controller (3) is an abstract linear system on a Banach space Z. The operator
The closed-loop system consisting of the plant (1) and the controller (3) on the Banach space X e = X × Z with state x e (t) = (x(t), z(t))
T is of the forṁ
The operator A e : D(A e ) ⊂ X e → X e has the domain 
We have from [19, Sec. 4 ] that for initial states x e0 ∈ D(A e ) the regulation error e(·) is a continuous function and lim t→∞ e(t) = 0 whenever the property (b) holds. Thus for such initial states the condition e α· e(·) ∈ L 2 (0, ∞; Y ) for an α > 0 implies that the regulation error decays to zero at an exponential rate.
In the following we present two definitions for an internal model [16, 19] . In Definition 3.1 "independent Jordan chains" refer to chains originating from linearly independent eigenvectors of G 1 .
and G 1 has at least dim Y independent Jordan chains of length greater than or equal to n k associated to the eigenvalue iω k .
Definition 3.2. A controller (G
The following lemma gives a sufficient condition for invariance of the G-conditions in the situation where the matrix S of the exosystem is diagonal. 
Proof. Since S is a diagonal matrix, we have n k = 1 for all k ∈ {1, . . . , q} and the condition (4c) is trivially satisfied. Because the condition N (G 2 ) = {0} is identical for
, and we thus have z ∈ N (iω k − G 1 ). Due to our assumptions we then also have Kz = 0 and w = (iω k − G 1 )z = G 2 y, which finally imply w = 0 due to (4a).
The following theorem presents the internal model principle for regular linear systems with finite-dimensional exosystems and exponential closed-loop stability.
Theorem 3.4. Assume that the controller stabilizes the closed-loop system exponentially. Then the controller solves the robust output regulation problem if and only if it satisfies the G-conditions.

Moreover, if dim Y < ∞, then the controller solves the robust output regulation problem if and only if it incorporates a p-copy internal model of the exosystem.
Proof. Since A e generates an exponentially stable semigroup and S is a matrix with spectrum on iR, the Sylvester equation ΣS = A e Σ + B e has a unique solution Σ ∈ L(W, X e ) satisfying R(Σ) ⊂ D(A e ) [20] . Because an exponentially stable semigroup is also strongly stable, and since iR ⊂ ρ(A e ), we have from [19, Thm. 7.2] that the controller satisfies the G-conditions if and only if it solves the robust output regulation problem as defined in the reference [19] . The definition of the robust output regulation problem in [19] can be obtained from our problem statement with the following modifications:
(i) The exponential closed-loop stability is replaced by strong stability.
(ii) It is assumed that for all admissible perturbations the Sylvester equation ΣS = A e Σ +B e has a solution.
We begin by showing that under the assumption of exponential closed-loop stability the two conditions in (iii) are equivalent. We prove this only for the nominal closedloop system (A e , B e , C e , D e ). For perturbed parameters the situation can be handled analogously. We have from [19, Lem. 4.3] that
for all x e0 ∈ X e and v 0 ∈ W , and since (A e , B e , C e , D e ) is a regular linear system,
is defined for almost all t ≥ 0. In addition, if x e0 ∈ D(A e ), then e(t) is continuous and is given by the above formula for all t ≥ 0. The error contains the two terms e(t) = e 1 (t) + e 2 (t). The second term e 2 (·) = (C e Σ + D e )T S (·)v 0 is continuous and it is either nonvanishing or identically zero [19, Lem. A.1]. Since T e (t) is exponentially stable, for some α > 0 the first term satisfies e α· e 1 (·) ∈ L 2 (0, ∞; Y ) for all x e0 ∈ X e and v 0 ∈ W . These properties imply, under the assumption of exponential stability of the closed-loop system, that the regulation error satisfies e α· e(·) ∈ L 2 (0, ∞; Y ) for all x e0 ∈ X e and v 0 ∈ W if and only if lim t→∞ e(t) = 0 for all x e0 ∈ D(A e ) and v 0 ∈ W . Thus the conditions in (iii) are equivalent.
Assume now that the controller satisfies the G-conditions. The class of admissible perturbations in this paper is strictly smaller than the class of perturbations in [19] because exponential stability is stronger than strong stability, and because ΣS =Ã e Σ+B e has a solution for any perturbations for which the closed-loop system is exponentially stable [20] . Because of this, and because we assumed the exponential closed-loop stability, we have from [19, Thm. 7.2] that the controller satisfying the G-conditions solves the robust output regulation problem as defined in this paper.
Conversely, we can now assume that the controller solves the robust output regulation problem. It then follows from the proof of [19, Thm. 7.2] that the controller must satisfy the G-conditions provided that the class of admissible perturbations containsẼ = 0 (corresponding to the zero disturbance signal) and arbitrary bounded perturbations to the operator F of the exosystem. Because these perturbations do not affect the stability of the closed-loop system, they also belong to the class O of perturbations in this paper. This concludes that the controller indeed satisfies the G-conditions.
Finally, if dim Y < ∞, we similarly have from [19, Thm. 6.2] that the controller solves the robust output regulation problem if and only if it incorporates a p-copy internal model of the exosystem.
The Minimal Robust Controller for Stable Systems
In this section we construct a minimal order robust controller under the assumption that the system operator A of the regular linear system (1) generates an exponentially stable semigroup and the matrix S of the exosystem is diagonal, i.e.,
We begin by choosing the parameters of the controller. In this controller structure the system operator G 1 contains precisely the internal model of the exosystem (2). This is achieved by defining Z = Y q , and
where ε > 0 and K 0 ∈ L(Z, U). We choose the components K k 0 ∈ L(Y, U) of K 0 in such a way that the operators P (iω k )K k 0 are invertible. This is possible due to the assumption of surjectivity of P (iω k ), and can be achieved, for example, by choosing
(the Moore-Penrose pseudoinverse of P (iω k )) for all k ∈ {1, . . . , q}. Finally, we choose
If we make the choice Proof. We begin by showing that the controller satisfies the G-conditions. Since K k 0 were chosen in such a way that
for all k ∈ {1, . . . , q}. Due to the diagonal structure of G 1 , it is easy to see that this operator is the unique solution of the Sylvester equation
and thus C 0 = −G * 2 . It remains to show that there exists ε * > 0 such that the closed-loop system is exponentially stable for all 0 < ε ≤ ε * . The closed-loop system operator is given by
If we choose a similarity transformation 
, and the diagonal operators generate exponentially stable semigroups, the semigroup generated by the triangular operator is exponentially stable for all 0 < ε ≤ ε 1 . Furthermore, because the second term is a bounded operator, it follows from standard perturbation theory of semigroups and similarity that there there exists ε * > 0 such that A e is exponentially stable for all 0 < ε ≤ ε * . Since the controller satisfies the G-conditions and the closed-loop system is exponentially stable for all 0 < ε ≤ ε * , we have from Theorem 3.4 that for any 0 < ε ≤ ε * the controller solves the robust output regulation problem.
Remark 4.2.
The controller presented in this section can also be used if the plant is initially unstable but can be stabilized with output feedback, i.e., there exists an
Indeed, in such a case the controller can be designed for the stabilized system ((A + BK 1 
This procedure is demonstrated in Section 7.
Remark 4.3. If the plant is real in the sense that
P (−iω) = P (iω) for all ω ∈ R, if Y = C p , U = C m ,
and if the exosystem is of the form
can be chosen to be real matrices. Indeed, in this case we can choose
where
The controller incorporates a p-copy internal model of the exosystem, and if we apply a unitary similarity transformation
coincides with the controller constructed in the beginning of this section. From this it follows that there exists ε * > 0 such that the closed-loop system is exponentially stable and the real controller solves the robust output regulation problem for all 0 < ε ≤ ε * .
Controller With a Reduced Order Internal Model
In this section we construct a minimal order controller for a version of the robust output regulation problem where the controller is only required to tolerate uncertainties from a given class O 0 of admissible perturbations [18, 19] . More precisely, in part (c) of the robust output regulation problem we only consider perturbations such that (Ã,B,C,D,Ẽ,F ) ∈ O 0 and for which the perturbed closed-loop system is exponentially stable. We again assume that the plant is exponentially stable, the matrix S is diagonal, and we in addition assume that P (iω k ) are boundedly invertible for all k ∈ {1, . . . , q}.
The class O 0 in the control problem can be chosen freely, but it is assumed that all perturbations (Ã,B,C,D,Ẽ,F ) in O 0 are such that (i) the perturbed plant (Ã,B,C,D) is a regular linear system and (ii) iω k ∈ ρ(Ã) and the transfer functionP (iω k ) = C Λ R(iω k ,Ã)B +D is boundedly invertible for all k ∈ {1, . . . , q}. Both of these requirements are in particular satisfied for sufficiently small bounded perturbations of A, B, C, and D. Being given such a class O 0 , we begin the construction of the controller by defining
is the Euclidean basis of W = C q . We further define p k = dim S k . The controller that we construct contains a reduced order internal model where the number of copies of each of the frequencies iω k of the exosystem is exactly p k . It should be noted that this controller differs from the minimial order controller with a full internal model only in the situation where p k < dim Y for at least one k ∈ {1, . . . , q}.
Define
l=1 ⊂ U is a basis of the subspace S k . Finally, we choose
For those k ∈ {1, . . . , q} for which It remains to show that there exists ε * > 0 such that for every 0 < ε ≤ ε * the closedloop system is exponentially stable. However, if we define 
The New Robust Controller Structure
In this section we introduce the new controller structure for robust output regulation of linear systems. This controller has the natural structure for the inclusion of a p-copy internal model into the dynamics of the controller. The construction of the controller is completed in steps. Some of the choices of the parameters require certain properties from the associated operators, and these properties are verified in Theorem 5.1. We begin by assuming that dim Y < ∞. The case of an infinite-dimensional output space is considered separately for a diagonal exosystem in Section 5.1.
Step 1
• : We begin by choosing the state space of the controller as Z = Z 0 × X, and choosing the general structure of the operators (G 1 , G 2 , K) as
and
). The operator G 1 is the internal model of the exosystem (2), and it is defined by choosing Z 0 = Y n 1 × · · · × Y nq , and
Here for each k ∈ {1, . . . , q} we have
, where n k ∈ N is the dimension of the Jordan block in S associated to the eigenvalue iω k ∈ σ(S). We choose the components K 
Step 3
• :
We have from [30, Sec. 7 
is a regular linear system, and the resolvent identity in [30, Prop. 6.6] implies R(H) ⊂ X B . We can therefore define
Step 4
• : We choose G 2 ∈ L(Y, Z 0 ) in such a way that the semigroup generated by
is exponentially stable (i.e., the matrix is Hurwitz). The detectability of the pair (
Theorem 5.1. Assume dim Y < ∞. The controller with the above choices of parameters solves the robust output regulation problem.
In particular, the controller (G 1 , G 2 , K) has the following properties:
generates a semigroup on Z and the controller (G 1 , G 2 , K) incorporates a p-copy internal model of the exosystem. (ii) The operator H is the unique solution of the Sylvester equation
and the pair (C 1 , G 1 ) where
(iii) The semigroup generated by A e is exponentially stable.
Proof. We begin by proving part (i). We have that
are admissible with respect to
It is now straightforward to use the results in [30, Sec. 7] to verify that G 1 with the proposed domain generates a strongly continuous semigroup on Z = Z 0 × X. Moreover, it is easy to show that
. For every k ∈ {1, . . . , q} the matrix G 1 clearly satisfies dim N (iω k − G 1 ) = dim Y = p and it has exactly p Jordan blocks of size n k ×n k associated to iω k . Due to the triangular structure of G 1 , the controller therefore incorporates a p-copy internal model of the exosystem.
We will now show that H is the solution of the Sylvester equation (6) . Denote
Due to the structure of the operator
where H = (H 1 , . . . , H q ), and
. . , q} the above system of equations has a unique solution
Thus H defined in Step 3
• is the unique solution of (6). We will now show that (C 1 , G 1 ) is exponentially detectable. We can do this by showing that for all k ∈ {1, . . . , q} and z ∈ N (iω k − G 1 ) with z = 0 we have C 1 z = 0 [12, . To this end, let k ∈ {1, . . . , q} and z ∈ N (iω k − G 1 ) such that z = 0 be arbitrary. From the structure of G 1 we have that z = (z 1 , . . . , z q ) where z l = 0 for l = k, and further
1 we see that
It remains to show that the closed-loop system is exponentially stable. With the chosen controller (G 1 , G 2 , K) the operator A e becomes
If we choose a similarity transform Q e ∈ L(X × Z 0 × X)
we can defineÂ e = Q e A e Q −1 e on X × Z 0 × X. If we denote x e = (x, z 1 , x 1 ) ∈ X × Z 0 × X and use R(H) ⊂ X B , the domain of the operatorÂ e satisfies
The above conditions also imply x ∈ X B , and thus H and G 2 are bounded, we have that the semigroup generated byÂ e is exponentially stable, and due to similarity, the same is true for A e . We thus conclude that the closed-loop system is exponentially stable.
Because the controller incorporates a p-copy internal model of the exosystem and the closed-loop system is exponentially stable, we have from Theorem 3.4 that the controller solves the robust output regulation problem.
Controller for a Diagonal Exosystem
In this section we consider the situation where the output space Y is allowed to be infinite-dimensional and the matrix S in the exosystem is diagonal. We will show that in this situation the robust output regulation problem can be solved with particularly simple choice for the parameter G 2 of the controller. For a diagonal matrix S = diag(iω 1 , . . . , iω q ) we choose Z 0 = Y q and the internal model (G 1 , K 1 ) of the exosystem is defined as
where K k 1 are chosen in such a way that P (iω k )K k 1 are boundedly invertible for all k ∈ {1, . . . , q}. The following is the main result of this section. 
then the controller solves the robust output regulation problem. If we choose
for all k ∈ {1, . . . , q}, which shows that G 2 = −C * 1 . The last claim of the theorem follows immediately from
The same identity and the fact that K k 1 were chosen so that P (iω k )K k 1 are boundedly invertible imply that the components G k 2 of G 2 are boundedly invertible for all k ∈ {1, . . . , q}. We thus have from Lemma A.1 that the semigroup generated by
2 is exponentially stable. The exponential stability of the closed-loop system can now be shown exactly as in the proof of Theorem 6.1.
Due to the fact that Y may be infinite-dimensional, we cannot use the concept of pcopy internal model. Instead, we will verify that the controller satisfies the G-conditions. For this we will in particular use Lemma 3.3.
Since S is diagonal, the condition (4c) is trivially satisfied. The components G
are boundedly invertible for all k ∈ {1, . . . , q}. This implies N (G 2 ) = {0}, and also further shows that N (G 2 ) = {0}. Moreover, if for some k ∈ {1, . . . , q} the elements (z, x) ∈ Z, (w, v) ∈ D(G 1 ) with w = (w k ) q k=1 ∈ Z 0 , and y ∈ Y are such that
The invertibility of G k 2 implies y = 0 and (z, x) = G 2 y = 0. Since k ∈ {1, . . . , q} was arbitrary, this shows that the operators (
, G 2 ) satisfy the G-conditions. Since
where for any k ∈ {1, . . . , q} we have Lemma 3.3 shows that the operators (G 1 , G 2 ) satisfy the G-conditions as well. Since the controller satisfies the G-conditions and the closed-loop system is exponentially stable, we have from Theorem 3.4 that the controller solves the robust output regulation problem.
Controller with a Reduced Order Internal Model
It was shown in [15] that the triangular structure used in this section is ideal for controllers with reduced order internal models. Indeed, if the internal model (G 1 , K 1 ) is replaced with an appropriate reduced order internal model, the controller will solve the robust output regulation problem for a given class O 0 of perturbations. As the final result in this section we present a generalization of the controller introduced in [15] for regular linear systems with diagonal exosystems. For this purpose we again assume that P (iω k ) are invertible for all k ∈ {1, . . . , q}.
Let O 0 be a class of admissible perturbations. Similarly as in Section 4.1 we define 
The Observer-Based Robust Controller
The observer-based robust controller structure presented in this section is based on the controller Hämäläinen and Pohjolainen [10] for systems with bounded input and output operators. The construction of the controller is again completed in steps and its properties are given in Theorem 6.1. For this controller structure it is necessary to assume that the spaces U and Y are isomorphic. We begin by assuming that the plant has the same finite number of inputs and outputs, that is, U = Y = C p . The case of an infinite-dimensional output space is again considered separately for a diagonal exosystem in Theorem 6.2.
Step 1
• : We begin by choosing the state space of the controller as Z = Z 0 × X, and choosing
,
, and
. The operators (G 1 , G 2 ) make up the internal model of the exosystem (2), and they are defined by choosing Z 0 = Y n 1 × · · · × Y nq , and
Here J Y k are as in (5) and
. . , q}, where n k ∈ N is the dimension of the Jordan block in S associated to the eigenvalue iω k ∈ σ(S). We choose the components G 
. , q}).
Step 2
• : By Assumption 2.1 we can choose Since P (iω k ) were assumed to be surjective for all k ∈ {1, . . . , q} and since
• : We define an operator H :
, where
Since we have from [30, Sec. 7] that (A+BK 
• : We choose the operator K 1 ∈ L(Z 0 , U) in such a way that the semigroup generated by G 1 + B 1 K 1 ∈ L(Z 0 ) is exponentially stable (i.e., the matrix is Hurwitz). The stabilizability of the pair (G 1 , B 1 ) is shown in Theorem 6.1 below. Finally, we define K
and choose the domain of the operator G 1 as (ii) The operator H is the unique solution of the Sylvester equation B 1 ) where
Proof. The property that G 1 with the given domain generates a strongly continuous semigroup can be seen analogously as in the proof of Theorem 5.1.
We will now show that H defined in Step 3
• is the solution of (7). Denote
for brevity. The structure of G 1 implies that an operator H is the solution of
l=1 for all k, and for all k ∈ {1, . . . , q} we have
). For every k ∈ {1, . . . , q} the above system of equations has a unique solution which is exactly H k in step 3
• . We will now show that the pair (G 1 , B 1 ) with B 1 = HB + G 2 D is exponentially stabilizable. This is equivalent to the pair (B * 1 , G * 1 ) being exponentially detectable. Let k ∈ {1, . . . , q} and z = (z 1 , . . . , z q ) ∈ N (−iω k − G * 1 ). Then z l = 0 for l = k, and
which immediately implies that we can have B *
and P K (iω k ) are invertible. Since this also implies z = 0 and since k ∈ {1, . . . , q} was arbitrary, we have that the pair (G 1 , B 1 ) is exponentially stabilizable [12, . Because of this it is possible to choose K 1 in such a way that G 1 + B 1 K 1 is Hurwitz.
We will now show that the closed-loop system is exponentially stable. When the controller (G 1 , G 2 , K) is chosen as suggested, we have that
and for x e = (x, z 1 ,
where we have used K
Since the above condition also implies x ∈ X B , the domain ofÂ e becomes
For any x e = (x, z 1 , x 1 ) ∈ D(Â e ) a direct computation using K 2 )| X and (A −1 + LC Λ )| X , respectively, and since K 1 and B 1 are bounded, the semigroup generated byÂ e is exponentially stable, and because of similarity, the same is also true for A e . This concludes that the closed-loop system is exponentially stable.
It remains to show that the controller satisfies the G-conditions. We begin by showing that (G 1 , G 2 ) satisfy the G-conditions. We have N (
n k , and structure of G 1 implies that necessarily z n k k = 0. On the other hand, we have 0 = z
is invertible, and thus z = G 2 y = 0. This concludes that R(iω k − G 1 ) ∩ R(G 2 ) = {0}. Finally, a direct computation can be used to verify that This concludes that (G 1 , G 2 ) satisfy the G-conditions. Moreover, the surjectivity of the operators G
We will now show that (G 1 , G 2 ) satisfy the G-conditions. The condition N (
where we have denoted
, and since N (G 2 ) = {0}, we have y = 0. Thus (z, x) = G 2 y = 0 and we conclude that
Since the closed-loop is exponentially stable,
We will show that y = 0, which will conclude that (z, x) ∈ R(iω k − G 1 ). From the above equation we see that
and the triangular structure of
n k −1 was arbitrary, we have that (4c) is satisfied. Since the controller satisfies the G-conditions and the closed-loop system is exponentially stable, we have from Theorem 3.4 that the controller solves the robust output regulation problem.
Finally, we consider the situation where Y is infinite-dimensional and the matrix S in the exosystem is diagonal. We choose Z 0 = Y q and the internal model in the controller is of the form 
then the controller solves the robust output regulation problem.
Proof. To show that the controller solves the robust output regulation problem, it is sufficient to show that the closed-loop system is exponentially stable, because the property that the controller satisfies the G-conditions and all the other properties considered in the proof of generates an exponentially stable semigroup. The exponential stability of the closed-loop system can now be shown as in the proof of Theorem 6.1.
Robust Control of a 2D Heat Equation
In this section we consider robust output regulation for a two-dimensional heat equation with boundary control and observation. Set-point regulation without the robustness requirement was considered for the same system in [14, Ex. VI.2]. We study the heat equation for u(t) = (u 1 (t), u 2 (t)) ∈ U = C 2 . The outputs y(t) = (y 1 (t), y 2 (t)) ∈ Y = C 2 of the system are defined as averages of the value of x(ξ, t) over the parts Γ 1 and Γ 2 of the boundary, i.e., The robust controller also tolerates small perturbations and inaccuracies in the parameters K and G 2 of the controller (although robustness with respect to these operators is not required in the statement of the robust output regulation problem). Because of this property, we can use approximations for the values P (±iπ) −1 and P (0) −1 in K 0 . In this example we use a truncated eigenfunction expansion of A 0 in approximating the matrices P (0) and P (±iπ). Finally, the parameter ε > 0 needs to be chosen in such a way that the closed-loop is stable.
The solution of the controlled heat equation can be approximated numerically using the truncated eigenfunction expansion of the operator A 0 . For the simulation, the parameter ε is chosen to be ε = 1/4. Figure 1 depicts the simulated behaviour of the two outputs of the plant. The solution of the controlled partial differential equation at time t = 16 is plotted in Figure 2 . 
